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Introduction
An orthogonal array of strength two, L N (s 1 · · · s k ), is an N ×k matrix with symbols in the ith column from a finite set of s i symbols (1 i k), such that in every N × 2 submatrix, all possible combinations of symbols occur equally often as a row. If among s 1 , . . . , s k , there are n i that equal i (1 i u) where {n i } and { i } are positive integers, i 2, n 1 + · · · + n u = k, then we will write L N ( and large orthogonal arrays, sometimes with hundreds of runs, are becoming increasingly popular among researchers modelling consumer choice (Kuhfeld, 2004) . Methods for constructing mixed orthogonal arrays of strength two have been developed recently by Wang and Wu (1991) , Midha (1996, 2001) , Wang (1996a, b) , Zhang et al. (1999) , Xu (2002) , and many other authors. For an excellent description of the methods of construction of orthogonal arrays, see Hedayat et al. (1999) .For extensive construction methods, see Kuhfeld (2004) . Wang and Wu (1991) used the Kronecker sum of orthogonal arrays and difference schemes to construct several families of mixed orthogonal arrays. Midha (1996, 2001) extended the method of Wang and Wu (1991) to construct more families of mixed orthogonal arrays. In this paper, we modify this method to allow more flexibility. As a consequence, some new families of mixed orthogonal arrays are obtained.
Basic concepts and notations
Let G be an additive group with p elements, 0, 1, . . . , p −1. An rp ×k matrix with entries from G is called a difference scheme D rp,k,p , if among the differences of the corresponding elements of any two columns, each element of G appears r times.
Let A = (a ij ) and B = (b ij ) be n × r and m × s matrices respectively with entries from an additive group G of p elements. The Kronecker sum of A and B, denoted by A * B, is defined to be an nm × rs matrix (B a ij ) 1 i n,1 j r , where B a is an m × s matrix
Throughout, we let 0 n be the n × 1 vector of zeros and let n be the n × 1 vector (0, 1, . . . , n − 1) . We now list some useful properties of difference schemes. 
. By using Kronecker sum, Wang and Wu (1991) constructed the following mixed orthogonal array L MN (s . Furthermore, if a 1 , a 2 , a 3 are three 2-symbol columns such that a 1 + a 2 = a 3 , then we can replace these three 2-symbol columns by a 4-symbol column. By using this procedure, Wang and Wu (1991) constructed several families of mixed orthogonal arrays. Dey and Midha (1996) modified the construction of Wang and Wu (1991) and obtained the following result. If there exist an orthogonal array L N (w 1 s
1 ) can be constructed as follows. Arrange the rows of the L N (w 1 s
Main results
We first modify the result of Wang and Wu (1991) to obtain an N-symbol column by sacrificing several columns in the construction. 
Corollary 1.3. If p is a prime power, r 1, and n 3, we can construct tight orthogonal ar
and (e) L r2 n+1 ((4r) 1 (2 n−1 ) 1 2 (4r−1)(2 n−1 −1) ).
For p = 3 and n = 3, 4 in Corollary 1.3 (c) and (d), we obtain tight arrays L 54 (9 1 6 1 3 20 ), L 162 (27 1 6 1 3 65 ), L 108 (12 1 9 1 3 44 ), L 324 (27 1 12 1 3 143 ). L 54 (9 1 6 1 3 20 ) was also constructed by Wang and Wu (1991) , the other three arrays are believed to be new.
We next modify the construction of Dey and Midha (1996) to obtain the following orthogonal array. We now construct two families of orthogonal arrays by using Theorem 2. Let r( 3) be an odd number. It is known that L 4r ( (2r) 1 2 2 ) exists, and it is not possible to have more than two 2-symbol columns. Let r denote the largest possible m in an L 4r (r 1 2 m ). It is known that 3 = 4 and 5 = 8. For r 7 we do not know the exact value of r except that 7 12, 9 13, 11 12, 13 12, and r 13 for r 15. For h=2 in Corollary 2.1(a), we obtain L 8r ((2r) 1 4 1 2 4r−1 ) which was also constructed by Agrawal and Dey (1982) . For h = 2 and r = 3, 5, 7, 9, and 11 in Corollary 2.1(b), we obtain L 24 (4 1 3 1 2 13 ), L 40 (5 1 4 1 2 25 ), L 56 (7 1 4 1 2 37 ), L 72 (9 1 4 1 2 46 ), and L 88 (11 1 4 1 2 53 ) respectively. The first two arrays were also obtained by Wang and Wu (1991) , and the last three arrays are believed to be new. Also for h=4, 8, 12 and r =3, 5, 7, 9 (24 1 9 1 2 386 ).
Proof. Partition the orthogonal arrays as L N (w
In the following example, we obtain two new 96-run orthogonal arrays by using Dey and Midha's (1996) construction, and replacing several 2-symbol columns by 4-symbol columns.
Example 2. Partition the L 8 (4 1 2 4 ) as [ 2 * 0 4 , L 8 (4 1 ), L 8 (2 3 )]. By sacrificing a 2-symbol column in L 8 (4 1 2 4 ), Dey and Midha (1996) 
